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We investigate the nonadiabatic dynamics of a driven spin-orbit-coupled Bose-Einstein condensate in both
weak and strong driven force. It is shown that the standard Landau-Zener (LZ) tunneling fails in the regime
of weak driven force and/or strong spin-orbital coupling, where the full nonadiabatic dynamics requires a new
mechanism through multichannel effects. Beyond the semiclassical approach, our numerical and analytical re-
sults show an oscillating power-law decay in the quantum limit, different from the exponential decay in the
semiclassical limit of the LZ effect. Furthermore, the condensate density profile is found to be dynamically frag-
mented by the multichannel effects and enhanced by interaction effects. Our work therefore provides a complete
picture to understand the nonadiabatic dynamics of a spin-orbit coupled condensate, including various range
of driven force and interaction effects through multichannel interference. The experimental indication of these
nonadiabatic dynamics is also discussed.
PACS numbers: 03.75.Lm, 33.80.Be
I. INTRODUCTION
The experimental realization of the synthetic gauge field [1–
3] and spin-orbit (SO) coupling [4] in neutral quantum gases
paves the way for studying some exotic many-body physics,
including the spin-Hall effect [5, 6], Majorana fermions [7],
and topological insulators [8, 9]. In SO-coupled bosonic gas,
many theoretical works are involved in the investigation of
the ground state [10–13], quantum and thermal fluctuation
[14], collective excitation [15], and finite-temperature proper-
ties [16, 17]. Recently, the condensate dynamics have been ex-
perimentally investigated in the presence of SO coupling [18],
which can be flexibly controlled in a broad parameter range by
the external field. This provides an opportunity to investigate
the nonadiabatic dynamics, whichmay not easily be controlled
or explored in the conventional solid-state system.
Nonadiabatic dynamics of an interactingmany-body system
are theoretically nontrivial and highly challenging because an-
alytic and numerical difficulties are, in general, manifested and
the associated results are conventionally nonuniversal. Some
theoreticalworks have attempted to solve such issues, e.g., uni-
versal adiabatic dynamics near the regime of the quantumcriti-
cal point [19], quench-inducedphase transition in the quantum
Ising model [20] and in the two-level bosonic system [21], and
nonadiabaticity induced by fluctuations in a driven Landau-
Zener system [22]. By far, the physically most promisingly
realizable and controllable setup to explore nonadiabatic dy-
namics is the system of a Bose-Einstein condensate (BEC),
which has a macroscopic occupation in a single particle state.
As a generic example, a BEC is driven by an external field
to transport between different energy bands or levels; such
nonadiabatic dynamics can be understood using the celebrated
Landau-Zener (LZ) mechanism as a starting point [23–26],
for example, the interband tunneling in a tilted optical lattice
[27–29]. Recent experiments [18] show that the nonadiabatic
dynamics of a noninteracting SO-coupled BEC driven by a
finitely large force can be explained by LZ tunneling. Tak-
ing the weak driven force and interatomic interaction into ac-
count in this SO-coupling system, the transport dynamics can
be, however, much more complicated because the tunneling
rates for particles in different momentum channels are distinct.
Therefore, some fundamental questions in such system have
arisen and need to be answered immediately, in particular, how
the quantum interference between different momentum chan-
nels competes with single-channel LZ dynamics and how the
two-body interaction acts on the nonadiabatic dynamics.
In this paper, we investigate the nonadiabatic dynamics of
a SO-coupled condensate driven through the avoided crossing
point opened by spin-orbital coupling [Fig. 1(b)], including the
multichannel effects in momentum space. We find that the full
dynamics is controlled by the relative amplitude of the initial
driven kinetic energy compared to the strength of spin-orbital
coupling: When the kinetic energy dominates, the condensate
dynamics can be approximated by a semiclassical “particle” in
momentum space, leading to the single-channel Landau-Zener
tunneling. However, in the regime of strong spin-orbital cou-
pling, the nonadiabatic dynamics is dominated by the quan-
tum interference effects through multichannel coherent tun-
neling in momentum space, leading to a universal oscillating
power-law decay. We further find a dynamical fragmentation
of the condensate when the nonadiabatic dynamics evolves for
a longer time, which also results from the SO coupling and
enhanced by interparticle interaction. All of these novel fea-
tures of nonadiabatic dynamics can be observed in the current
experimental condition.
This paper is organized as follows. In Sec. II, we will first
introduce the underlying many-body system Hamiltonian for
a SO-coupled condensate. Analytic studies and numerical
results for the nonadiabatic tunneling dynamics in the non-
interacting regime by multichannel interference are shown
in Sec. III, while the results in the semiclassical limit are in
Sec. IV. In Sec.V we show the interaction effects on the tun-
neling dynamics and we summarize our results in Sec.VI.
2II. MODEL AND HAMILTONIAN
We consider the quantum tunneling problem of an inter-
acting condensate with a SO coupling of equal Rashba and
Dresselhaus types [4, 18], described by the Hamiltonian, Hˆ =
HˆSO+ Hˆtrap+ Hˆint. The SO-coupling term is (we set ~ ≡ 1)
HˆSO =
∑
k
[
Ψˆ†+(k) Ψˆ
†
−(k)
]
H0
[
Ψˆ+(k)
Ψˆ−(k)
]
, (1)
with H0 =
(k−krσz)
2
2m +
δ
2σz +
Ω
2 σx; the trapping potential
term is
Hˆtrap = −mω
2
2
∑
k,σ
Ψˆ†σ(k)∇2kΨˆσ(k), (2)
and the interacting term is
Hˆint =
g⊥
V
∑
k,k′,q
Ψˆ†+(k)Ψˆ
†
−(k
′)Ψˆ−(k
′ − q)Ψˆ+(k+ q)
+
g‖
2V
∑
k,k′,q,σ
Ψˆ†σ(k)Ψˆ
†
σ(k
′)Ψˆσ(k
′ − q)Ψˆσ(k+ q).
Here σx,y,z are the spin-1/2 representation of Pauli matrix,
and σ = ± denote the two spin states, which are coupled by
external fields of an effective Raman coupling strength Ω and
an effective detuning δ. kr is the single-photon recoil momen-
tum, and ω is the trapping frequency of the harmonic poten-
tial. g‖ is the s-wave interaction strength between the same
spin states [30], while g⊥ is the interaction strength between
the two spins. The system Hamiltonian described above has
been experimentally realized recently (e.g., see [4, 18]), and
the associated level diagram is shown in Fig. 1(a).
Without the trapping potential and the interaction, the
single-particle Hamiltonian HˆSO can be easily diagonalized
and displays a two-band structure, where the Raman coupling
opens a finite band gap, as shown in Fig. 1(b). The typical LZ
dynamical problem we will consider is illustrated in Fig. 1(b).
The initial condensate wave function is prepared in the |+〉
state. The harmonic trap potential Hˆtrap can drive the con-
densate to move toward the anticrossing point and can lead to
a change in the internal spin state due to SO coupling. If the
dynamics is adiabatic, all particles shall stay in the upper band
and are changed into the |−〉 state. However, due to the nonadi-
abatic tunneling between the two energy eigenstates, a certain
number of particles are linked to the lower energy level. Fur-
thermore, the condensate wave function may also be affected
during the process, as we will show further below.
III. QUANTUM LIMIT: MULTICHANNEL
INTERFERENCE
When the condensate is driven by a weak force, the kinetic
energy is much smaller than the oscillating frequency between
the different spin states. In such a quantum limit, analytic re-
sults may be obtained in the noninteracting case. This can pro-
vide a good starting point for further investigation in a more
FIG. 1. (Color online) (a) Level diagram for SO-coupled system. Two
spin states, |F = 1,mF = 0〉 = |+〉 and |F = 1,mF = −1〉 =
|−〉, are coupled by two lasers (thick lines) with frequency difference
(ωz + δ)/2pi (ωz is Zeeman energy). State |F = 1, mF = +1〉 can
be neglected when far detuned. (b) A representative nonadiabatic
dynamic process: The BEC (large red circles) is initially prepared in
state |+〉 with finite momentum and then passes through the avoided
crossing point (k = 0) and eventually splits into two parts (large red
and small blue circles) due to nonadiabatic tunneling. The red dashed
and blue solid lines denote the energy spectrum for states |+〉 and |−〉,
respectively. Here we use parameters Ω/Er = 0.5 and δ = 0.
general parameter regime. To get insight and make a com-
parison with the complex results in the latter part, we begin by
exploring the quantumdynamics in the noninteractingSO cou-
pling system, i.e., g‖ = g⊥ = 0. For simplicity, we consider
one-dimensional(1D) case with zero detuning (δ = 0), al-
though our results should be qualitatively applicable in higher-
dimensional systems or with finite detuning.
A. Wave function in momentum space
In the noninteracting limit and when the external harmonic
trapping potential is negligible compared to the SO coupling,
the energies of the SO-coupling system subject to the Hamil-
tonian (1) read
Λ±(k) = Ek + Er ± 1
2
Ωk, (3)
where Ωk ≡
√
16EkEr +Ω2 with the kinetic energy Ek ≡
k2/2m and the recoil energyEr ≡ k2r/2m. To obtain the sys-
tem wave function at zero temperature, we define |Ψ(t)〉 =∑
k,σ Ψσ(k, t)|σ, k〉 and derive the equation of motion by
δ〈Ψ(t)|Hˆso−i∂t|Ψ(t)〉
δΨ∗
σ
(k,t) = 0. The final wavefunction |Ψ(t)〉 can
be obtained by calculating Ψσ(k, t). In principle, a similar
calculation for such a system can be performed at finite tem-
perature, but we will concentrate on the zero-temperature case
here.
After some straightforward algebra assuming all particles
3FIG. 2. (Color online) Temporal evolution of momentum density dis-
tributions for |+〉 and |−〉 components with an initial condition of a
uniform distribution (kF = 0.2kr). (a) and (b) Noninteracting sys-
tem; (c) and (d) the same calculation with g‖ = g⊥ = 0.0002Er/kr .
Here Ω/Er = 0.1 and N = 1000 for both calculations.
are initially prepared in |+〉 state [i.e.,Ψ−(k, 0) = 0], we have
Ψ+(k, t) =
[
e−iΛ+(k)t
1 + e−2θk
+
e−iΛ−(k)t
1 + e2θk
]
Ψ+(k, 0), (4)
Ψ−(k, t) =
sechθk
2
[
e−iΛ+(k)t − e−iΛ−(k)t
]
Ψ+(k, 0),(5)
where we define cosh θk ≡
√
1 + 16EkEr/Ω2 = Ωk/Ω.
Thus, the probabilities of finding a particle remaining in the
same spin state (|+〉) and in the other state (|−〉) are given by,
respectively,
P+(t) =
1
N
∑
k
[
1− Ω
2
Ω2k
sin2(Ωkt/2)
]
|Ψ+(k, 0)|2, (6)
P−(t) =
1
N
∑
k
Ω2
Ω2k
sin2(Ωkt/2)|Ψ+(k, 0)|2, (7)
where N =
∑
k |Ψ+(k, 0)|2 is the total number of particles.
Equations (6) and (7) show that the noninteracting conden-
sate wave functions at different momenta k have different os-
cillation frequencies as well as oscillation amplitudes. As a
typical example, the time evolution of the momentum distribu-
tions |Ψ+(k, t)|2 and |Ψ−(k, t)|2 forΩ = 0.1Er are shown in
Figs. 2(a) and 2(b). Without loss of generality, we consider the
initial wavefunction with uniform distribution in the limited
momentum space, i.e., Ψ+(k, 0) =
√
N/2kF for |k| ≤ kF
and 0 otherwise. Figure 2(a) shows that in the short-time
regime, |Ψ+(k, t)|2 has a sharp valley around k = 0 because
the atoms in the |+〉 state are coherently transferred to the |−〉
state and the tunneling amplitude varies with 1/Ω2k. For a suf-
ficiently long time [31], a Fresnel interference pattern appears
in both bands owing to the momentum-dependent Rabi oscil-
lation term sin2(Ωkt), giving the width of the central peak as
∆k/kr ∼
√
piΩ/8t/Er [by setting (Ωk=∆k − Ωk=0)t ∼ pi].
Equations (6) and Eq.(7) show that the momentum-dependent
oscillation frequency Ωk is proportional to |k| in the large
momentum regime. As seen explicitly, with increasing t, an
increasing number of atoms in a relevant small-momentum
regime enter the fast oscillation. Therefore, we can expect the
temporal spatial distribution of the condensate wave function
may have significant changes due to the fast nonuniform oscil-
lating phase. This will be discussed in the following part.
B. Dynamical fragmentation of condensate wave function
Besides the distribution in momentum space, the tempo-
ral distribution in real space also manifests interesting proper-
ties of multichannel interference. Precisely, the wave function
in the |−〉 state by means of the Fourier transform of Eq. (5)
yields
Ψ−(x, t) =
∫
dk
2pi
eikx
sechθk
2
×
[
e−iΛ+(k)t − e−iΛ−(k)t
]
Ψ+(k, 0). (8)
FIG. 3. (Color online) (a) and (d) The single-particle energy spec-
trum of the SO-coupled BEC for Ω/Er = 0.1 and 3, respectively,
and the associated time evolution of the density distribution for (b)
and (e) |Ψ+(x, t)|
2 and (c) and (f) |Ψ−(x, t)|
2. The initial states are
the same for both cases with a uniform distribution (kF = 0.2kr),
and the other identical parameters are g‖ = g⊥ = 0 and N = 1000.
4It is stressed that sechθk = Ω/Ωk is peaked at k = 0 with a
width∆k where 16E∆kEr/Ω
2 ∼ 1 and thus∆k ∼ mΩ/2kr.
The integral (8) is dominantly contributed by the small-k
regime, i.e., |k| < ∆k. On the other hand, in the long-time
limit, t → ∞, the time-dependent phase term e−iΛ±(k)t per-
forms fast oscillation if Λ±(k) 6= 0. Hence the major contri-
bution of the integral arises from Λ−(k) ∼ 0; in other words,
k = ±k1,±k2, where k1,2 ≡ kr
√
1∓ Ω/2Er according to
the zeros of Λ−(k). [Note Λ+(k) ≥ Ω/2 is the upper band;
see Fig. 3(a) and 3(d).] On the basis of two analysies above, we
find that in the weak-SO-coupling regime,Ω < 2Er,Ψ−(x, t)
is mostly contributed from k ∼ ±k1 = ±kr
√
1− Ω/2Er,
and the condensate prefers to be separated by moving in two
opposite directions with velocities ±v1, which is the disper-
sion velocity near±k1 [see Fig. 3(c)]. For strong SO coupling,
Ω > 2Er,±k1 disappear and±k2 are, in general, much larger
than the initial momentum distribution of the condensate [see
Fig. 3(d)]. While all the phases in eachmomentum channel os-
cillate quickly, the distinction of oscillation frequencies in dif-
ferent momentum channels is greatly suppressed. Therefore,
the real-space condensatewave stopsmoving away, and its am-
plitude varies quickly, but the configuration remains highly in
contrast to weak SO coupling for a relatively long time [for
example, for Ω = 3 the shape of the condensate distribution
holds well up to t = 20Er; see Fig. 3(f)].
For weak SO coupling, the situation for the |+〉 state is
distinct from that of the |−〉 state, as shown in Fig. 3(b): for
Ω = 0.1Er the condensate of the |+〉 state moves in the pos-
itive x direction and gradually becomes fragmented as time
goes on. This can be easily interpreted from the expression
Ψ+(x, t) =
∫
dk
2pi
eikx
[
e−iΛ+(k)t
1 + e−2θk
+
e−iΛ−(k)t
1 + e2θk
]
Ψ+(k, 0).
Again, the dominant contribution comes from the momentum
near ±k1,2 according to the oscillation of the phase factor
Λ−(k)t. In contrast to Eq. (8), the weighting function from
the dominant term behaves differently: the second term above
is proportional to (1+ e2θk)−1, which contributes remarkably
only in the negative-k regime. As a result, most of the contri-
bution of the condensate wave function in the long-time limit
is from k ∼ −k1, which gives a positive velocity of the con-
densate v1. Since the momentum-dependent frequencies in
the multichannel tunneling become more apparent for weak
SO coupling, there are still finite contributions from other mo-
mentum channels, which makes the condensate start to frag-
ment with different velocities in different spaces. However, the
momentum-dependent frequencies are suppressed greatly for
strong SO coupling, and correspondingly, the momentum val-
ues which fulfillΛ−(k) = 0 are larger than kF , e.g.,Ω > 2Er
for kF = 0.2kr, so that the dynamic behavior for |Ψ+(x, t)|2
is similar to that for |Ψ−(x, t)|2 for a finitely long time; for
example, for Ω = 3, the similar dynamic behavior holds well
up to t = 20Er [see Fig. 3(e)].
C. Universal survival probability P+(t)
It is preferable and relatively easy for experimentalists to
measure the nonadiabatic dynamics of SO-coupled BEC by
means of counting the number of particles in the different spin
states. Since P−(t) = 1 − P+(t), we merely investigate the
analytic expression of the survival probability P+(t) in both
short-time and long-time limits.
As t→ 0, the asymptotic solution of Eq. (6) showsP+(t) =
1 − Ω2t2/4 + O(t4), which matches a typical Rabi oscilla-
tion. Note that in our system, the traditional single-channel
Rabi oscillation frequency is Ω, while the multichannel Rabi
frequency in the short-time behavior isΩ/
√
2. In the relatively
long-time limit, for simplicity, we just consider the generic
case, where the initial density distribution in momentum space
is a constant up to |k| < kF , as mentioned above. We point
out that a more complicated initial wave functionmerely quan-
titatively affects the asymptotic behavior and can be easily ad-
justed by a single fitting parameter, as shown below. Within
the uniform initial wave function, we can evaluate the summa-
tion in the momentum channel by integration and derive the
leading-order expression in the long-time limit by considering
only the major contribution. After some nontrivial calcula-
tions (see the Appendix for details), we find that
P+(t) = 1− α
8
tan−1
(
4
α
)
+
√
2piα
16
cos(Ωt+ pi/4)√
Ωt
+
α2
32
sin(ΩkF t)
Ωt
+O(t−3/2), (9)
where α ≡ Ω/√EFEr is a dimensionless parameter and
FIG. 4. (Color online) Comparison of numerics and the analytic
formula (9). The numerical calculation of the survival probability
P+(t) for uniform distribution (black solid line) and Gaussian distri-
bution (blue dotted line) of a noninteracting system in the initial wave
function in momentum space. The initial uniform distribution has
kF = 0.2kr , and the Gaussian distribution, ∼ e
−k2/2κ2 , has a width
κ = 0.2kr . The analytic asymptotic formulas of (9) corresponding
to the two cases are displayed with red dashed and green dash-dotted
lines, respectively. The value of α for the latter is obtained by fitting
the long-time behavior and is equal to 0.39 in this plot. The other
identical parameters are Ω/Er = 0.1 and N = 1000.
5EF ≡ EkF is the “effective Fermi energy.”
There are several interesting observations from Eq. (9): (i)
The multichannel quantum interference effects can also lead
to a “decay” with an oscillating amplitude, which is a special
feature of the SO-coupled condensate due to the momentum
dependence of the Rabi oscillation frequencyΩk. (ii) The sat-
urated value P+(∞) = 1 − α8 tan−1
(
4
α
)
approaches 1/2,
as expected for a single-mode Rabi oscillation if EF ≪ Ω
(α→ 0). On the other hand, it reaches P+(0) = 1 ifEF ≫ Ω
(α → 0), thus indicating that the energy band width (uncer-
tainty in energy) can reduce themany-bodyquantum tunneling
through interference effects. (iii) These results can also be ap-
plied to noninteracting fermions since the Pauli exclusion prin-
ciple requiresΨ+(k, 0) = 1 for |k| ≤ kF and the sign of wave
function exchange should not affect the probability of finding
a particle in any spin channel. (iv) For a general initial wave
function, Ψ+(k, t), the long-time behavior of P+(t) can be
still applied, except one can use α as a fitting parameter, char-
acterizing the energy uncertainty of the initial wave function in
the momentum space. In Fig. 4, we show the time dependence
of the survival probability P+(t) as a function of time for both
uniform distribution and a Gaussian distribution in the initial
wave function. Results from the analytic expression [Eq. (9)]
are also shown together (the value of α for the Gaussian dis-
tribution is given by single-parameter fitting). The analytic
results for both distribution agree with the corresponding nu-
merical results as t > Ω−1.
IV. CLASSICAL LIMIT: LANDAU-ZENER TUNNELING
Now we consider another region in which the “kinetic en-
ergy” arising from the external trapping potential dominates
the nonadiabatic dynamics. Here we will employ a semiclas-
sical approach in this region and show its connection with the
well-known Landau-Zener effect. In the semiclassical limit,
one can treat the center-of-mass position, x(t), and momen-
tum, k(t), as a classical particle at time t and neglect the spa-
tial or momentumdistribution induced by the condensate wave
function. As a result, the system dynamics can be described by
a two-component state [ψ+(t), ψ−(t)]
T , which is controlled
by the Hamiltonian in Eq. (1) in the moving frame of momen-
tum k(t):
i∂t
[
ψ+
ψ−
]
=
[
(k(t)−kr)
2
2m Ω/2
Ω/2 (k(t)+kr)
2
2m
][
ψ+
ψ−
]
, (10)
where the “quasimomentum” k(t) becomes a time-dependent
external parameter, controlling the time dependence of the
single-particle energies as a typical LZ-type problem. If the
condensate is initially prepared in momentum state k(0) =
−k0 < 0 of the |+〉 state [see Fig. 1(b)], the time dependence
of k(t) in the semiclassical approximation fulfills k(t) =
−(k0 + kr) cos(ωt) + kr in a harmonic potential well.
Following the standard treatment of LZ tunneling, we per-
form the time variation of k(t) approximately as a linear func-
tion of t when the condensate is at the k = 0 (t = tc)
point. From k(tc) = 0 we can have cos(ωtc) = kr/(kr +
k0). The probability for such a particle to be transferred into
the |−〉 state after a long time has the form, PLZ(∞) =
exp
[
− 2pi(Ω/2)2|(dE+(k)−dE−(k))/dt|k=0
]
, where E±(k) =
(k∓kr)
2
2m
and thus
∣∣∣d[E+(k)−E−(k)]dt ∣∣∣
k=0
= 2krm
∣∣dk
dt
∣∣
t=tc
. Since∣∣dk
dt
∣∣
t=tc
= ω
√
(kr + k0)2 − k2r , we have
PLZ(∞) = exp
[
− piΩ
2
8ωEr
√
(k0/kr)2 + 2(k0/kr)
]
. (11)
In contrast to quantum limit in which the diabatic state under-
goes an oscillating power-law decay in terms of Ω due to mul-
tichannel interference, [see Eq. (9)], in the semiclassical treat-
ment, the formula (11) indicates that when such state is driven
to pass the anticrossing of energy bands, it will experience the
exponential decay with respect to Ω.
FIG. 5. (Color online) Comparison of numerics and semiclassical
analysis. The result evaluated for the classical Landau-Zener formula,
[see Eq. (11)], according to our system parameters (black solid line)
is compared with full quantum mechanics calculations for noninter-
acting (red dashed line) and interacting (blue dotted line) SO-coupled
BECs. The initial nonequilibrium state is chosen to be Ψ+(k, 0) ∼
exp
[
−(k + k0)
2/(4κ2)
]
, where k0 = kr and κ = 0.2kr . The other
identical parameters are ω = 0.08Er/~ and N = 1000.
Figure 5 shows typical results of P+(∞) from numerically
solving Eq. (12) and comparing with the semiclassical anal-
ysis derived above. Our results show that the LZ formula
matches the full numerical results very well in the weak-
coupling regime, while it deviates in the large Ω limit. This
might be due to the following reason. The large Ω broadens
the effective momentum regime where the atoms experience
multichannel interference [see Eqs. (6) and (7)]. As a conse-
quence, the multichannel tunneling is involved in the LZ tun-
neling procedure, and the assumption of a linear time depen-
dence of k(t) at the anticrossing region becomes inaccurate in
such a limit.
V. INTERACTING SPIN-ORBIT-COUPLED BEC
Now we explore the interaction effects on the nonadia-
batic dynamics. Following the standard approach assuming
all particles condensate in a single-particle wave function, i.e.,
6FIG. 6. (Color online) Raman-assisted tunneling dynamics, obtained
from Eq. (13). The initial state is Ψ+(t) = 1 and Ψ−(t) = 0 with
Ω = 0.1 for all curves. g‖ = g⊥ = 0 for the black solid line,
g‖ = 2g⊥ = 0.2 for the red dotted line, g‖ = g⊥ = 0.2 for the blue
crosses, and g‖ = 0.5g⊥ = 0.2 for the green dashed line.
〈Ψˆσ〉 = Ψσ, the mean-field Gross-Pitaevskii equation (GPE)
can be written as follows:
i∂tΨ±(k) =
[
(k ∓ kr)2
2m
− mω
2
2
∂2
∂k2
]
Ψ±(k) +
Ω
2
Ψ∓(k)
+
g⊥
L
∑
k′,q
Ψ∗∓(k
′)Ψ∓(k
′ − q)Ψ±(k + q)
+
g‖
L
∑
k′,q
Ψ∗±(k
′)Ψ±(k
′ − q)Ψ±(k + q), (12)
where
∑
k,σ |Ψσ(k)|2 = N .
There are two temporal effects raised by the contact interac-
tion : the nonlinear dynamics induced by the variation of the
mean-field energy and the rearrangement of the particle den-
sity distribution due to the scattering between different mo-
mentum channels. In what follows, we will show how the
contact interaction acts on multichannel interference and LZ
tunneling.
A. Nonlinear dynamics in the single-channel Rabi oscillation
Although our paper concentrates on the multichannel ef-
fects in momentum space, it is still instructive to compare our
results with those of single-channel (single-mode) dynamics,
especially when the interaction is included. The most relevant
example assumes all particles condensate at the k = 0 state in
momentum space without an external trapping potential. The
corresponding mean-field dynamical equation can be written
as follows:
i∂tΨ± =
[
g‖|Ψ±|2 + g⊥|Ψ∓|2
]
Ψ± +
Ω
2
Ψ∓, (13)
which is nothing but coupled nonlinear equations, where we
have removed the constant term ErΨ±. Here Ψ±(t) ≡
Ψ±(k = 0, t) is the wave function at zero momentum. Since
the kinetic energy completely disappears, the SO effects turns
off, and the Raman coupling term makes the system equiva-
lent to a double-well system with finite tunneling. Both semi-
FIG. 7. (Color online) Illustration of the influence of contact interac-
tion on multichannel tunneling by means of measuring the survival
probability P+(t) for the uniform distribution of initial wave func-
tion in momentum distribution (kF = 0.2kr). g‖ = g⊥ = 0 for the
black solid line, g‖ = g⊥ = 0.0002/kr for the red dotted line, g‖ =
g⊥ = 0.0008/kr for the blue crosses, and g‖ = g⊥ = 0.001/kr for
the green dashed line. The other parameters are identical to those in
Fig. 4. The points at time t = pi/Ω and 2pi/Ω are indicated by the
lower left and upper right arrows, respectively.
analytic and numerical results have been developed in such a
context [32].
Figure 6 shows typical dynamics as a function of time for
various strengths of interaction. It can be seen readily that the
interaction remains dynamically ineffective when the SU(2)
symmetry is preserved, i.e., g⊥ = g‖. When the symmetry is
not preserved, as in most cases with pseudospins, the tunnel-
ing dynamics changes in various ways, depending on the rela-
tive strength of the two interactions. In contrast to multichan-
nel tunneling, however, all of these dynamics are coherent and
periodic because no decoherence or dissipation is involved in
such two-component systems. Such a simple two-component
model can be extended to the case of a few components. In-
teraction merely plays the role of nonlinearity, which is not
the case for multichannel systems, as shown in a SO-coupled
condensate.
B. Multichannel scattering in the quantum interference limit
In addition to the mean-field-type energy shift described
above, interparticle interaction can also scatter particles in dif-
ferentmomentum channels, whichmakes the multichannel dy-
namics much more complicated than the noninteracting case.
To get insight, we begin by exploring the interaction effect on
the condensate dynamics without a trapping potential (i.e., no
driven force).
Figures 2 (c) and 2(d) display the temporal momentum dis-
tribution with a finite interaction strength. In the short-time
limit, the repulsive interaction certainly broadens the initial
uniform distribution to momentum larger than kF , so that
the initial distribution of the jump type around kF becomes
smooth [see Fig. 2(c)]. At late times, the competition between
more pronounced tunneling occurring around k = 0 [see the
amplitude term of Eq. (6)] and the atoms scattered preferably
7to the low-density region lead to the disappearance of the Fres-
nel oscillation pattern shown in Figs. 2(a) and 2(b).
In Fig. 7, we show the survival probability P+(t) with re-
spect to various interaction strengths. Compared to the oscil-
lating power-law decay in the noninteracting case (see Fig. 4),
an additional time scale for the decay ofP+(t), as well as arriv-
ing at the dynamic equilibrium state, is required. Specifically,
in the initial “collapse” of P+(t), i.e., t < pi/Ω, the repulsive
interaction scatters the atoms into high-momentum channels
where the tunneling amplitude is approximately reduced by
1/k2 [see Eq.(6)], and thereby it suppresses the whole tun-
neling. This is manifested in Fig. 7, where for t < pi/Ω,
P+(t) for the interacting case is conventionally larger than for
the noninteracting case. Afterwards, due to SO coupling, the
greater number of atoms tunneling around the low-momentum
regime than around the high-momentum regime results in a
low-density region around k = 0 [see the valley of |Ψ+(k, t)|2
shown in Fig. 2(c)], while the interaction prefers to scatter
atoms into the low-density region. Consequently, the repul-
sive interaction enhances the whole tunneling of the system,
and P+(t) for the interacting case is always smaller than for
the noninteracting case for t > 2pi/Ω, as shown in Fig. 7.
FIG. 8. (Color online) Temporal momentum density distribution of
a condensate driven by external potential with an initial momentum,
k0 = −kr. Red dashed and black solid lines display the density
distribution for the |+〉 and |−〉 states, respectively, at time tEr eual
to (a) 0, (b) 2.4, (c) 12, and (d) 19.6. The associated parameters
are Ω/Er = 1.6, g‖ = g⊥ = 0.001Er/kr , and N = 1000. For
comparison, the insets are the momentum distribution at the same
time under identical parameters but without interaction.
C. Interaction effect in the classical limit
In this part, we explore the interaction effects on a general
drivenSO-coupledBEC. As shown above, there are two funda-
mentally distinct mechanisms for the nonadiabatic dynamics:
the multichannel interference in the quantum limit and the LZ
effects in the semiclassical (single-channel) regime. Note that
in the latter, the whole condensate is treated as a classical par-
ticle with definite position and momentum at the same time,
indicating that the quantum many-body effects are neglected.
However, in any realistic situation, the condensate always has
a finite distribution in momentum space, and hence the inter-
particle interaction can still scatter particles between momen-
tum channels. This implies that the full tunneling dynamics
are, very likely, mixed with the two mechanisms shown above.
Since such complicated dynamics cannot be readily studied us-
ing an analytic approach, here we show the numerically sim-
ulated results by solving the full GPEs within the mean-field
approximation.
Figure 8 shows a typical tunneling dynamics of an inter-
acting driven condensate with SO coupling. As we can see,
when the condensate wave function approaches the anticross-
ing point (i.e., k = 0), particles start tunneling to the |−〉
state. For the noninteracting case, the original Gaussian shape
in both |+〉 and |−〉 channels is basically kept because the non-
interacting Hamiltonian [see Eq. (1)] is just like a particle
moving a simple harmonic potential in momentum space as
(k ± kr)/2m ≫ Ω in the long-time limit, making each com-
ponent of a condensate oscillate with the same frequency. This
is true even when part of the condensate is split into the other
spin state through SO coupling.
However, in comparison with the noninteracting conden-
sate, the density profile of the condensate with the inclusion
of a finitely strong interaction is displayed in a different way
as it passes the critical point. When the interaction is increased
from zero, the condensate density distribution becomes highly
distorted after passing through the critical point: the head of
the condensate is compressed to a much narrower peak, while
the tail is destroyed without any smooth profile. Such results
can be understood from the scattering between multichannel
momenta: the condensate is broadened from its initial profile
by the repulsive interaction during the motion (note that the
noninteracting condensate profile is not broadened in momen-
tum space), so that the “velocity” of thewave head is faster than
the “velocity” of the wave tail, making many more particles
tunnel into the |+〉 state in the tail part. The small density os-
cillation shows the interference effect of two such “velocities”
inmomentumspace. Moreover, since the two-body interaction
enhances the multichannel effect, the tunneling rate for the in-
teracting SO BEC deviates more from classical LZ rate than in
the noninteracting case (see Fig. 5). We propose that the sup-
pressed tunneling rate and the condensate distortion could be a
feature of many-body effects and could be observed in current
experiment setup [4, 18].
8VI. EXPERIMENTAL PARAMETERS AND SUMMARY
In principle, any geometry and dimension of the conden-
sates with SO coupling are applicable to exploring experi-
mentally multichannel tunneling dynamics and interaction-
induced collapse. We propose a 1D or quasi-1D configura-
tion, which is probably optimal for experimentalists to observe
the phenomena by controlling and adjusting physical parame-
ters because fewer parameters are needed than in higher di-
mension, in accordance with our calculation. We consider a
87Rb BEC with the s-wave scattering length a = 5.4nm, con-
fined in the harmonic potential with the transverse frequency
ωy = ωz = 2pi × 1000Hz and the longitudinal frequency
ωx = 2pi × 160Hz. Supposing that the Raman coupling laser
has a wavelength λ = 804.3nm [4, 18], the quasi-1D effective
scattering amplitude is approximately g1D = 2~a
√
ωyωz ≈
0.02Er/kr. In our calculation, g‖ = g⊥ ∼ g1D/2pi, so
g‖ = g⊥ ∼ 0.003Er/kr. This type of interaction coupling
can match our calculation; note that the mean-field dynamics
are essentially determined by g‖N and g⊥N , and thus the total
particle numberN can also be adjusted to control the dynam-
ics.
In summary, we investigate the full dynamics of a BEC sub-
ject to SO coupling. We show that SO coupling is a special
technique to address and to detune the tunneling rate in each
momentum channel. The corresponding complete nonadia-
batic dynamics for a SO BEC is thus much richer than the
traditional LZ mechanism, even in the absence of contact in-
teraction. The quantum interference between different mo-
mentum channels and scattering between them give phenom-
ena, which are qualitatively different from ones from single-
channel mechanism. We show how these different mech-
anisms can be addressed in different experimental regimes
within the same frame work. Our prediction on the power-
law decay of the transition rate as well as the wave function
fragmentation due to multichannel quantum interference can
be observed within the current experimental setup.
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Appendix A: Power-law decay of the survival rate for the
condensate with uniform distribution in momentum space
The survival probability of noninteracting particles in the
initial spin state yields
P (t) =
1
N
∑
k
[
1− Ω
2
Ω2k
sin2(Ωkt/2)
]
|Ψ+(k, 0)|2, (A1)
where Ωk =
√
16EkEr +Ω2 with Ek ≡ k2/2m, and Er ≡
k2r/2m.
Considering Ψ+(k, 0) =
√
N
2kF
for |k| ≤ kF and is other-
wise zero, Eq. (A1) can be written as
P (t) =
1
kF
∫ kF
0
dk
[
1− Ω
2
2Ω2k
(1− cos(Ωkt))
]
= 1− 1
8
√
Ω2
EFEr
tan−1
(
4k˜F
Ω˜
)
+A, (A2)
where k˜ ≡ k/kr and Ω˜ = Ω/Er. The critical oscillation part
has the form
A = 1
k˜F
∫ k˜F
0
dk˜
(
Ω˜2
2Ω˜2k
)
cos(Ω˜k t˜), (A3)
where t˜ = tEr and Ω˜k =
√
16k˜2 + Ω˜2.
The following procedure is to obtain the analytic expression
forA in some proper treatment. We arrangeA into
A = Ω˜
8k˜F
∫ √1+( 4k˜F
Ω˜
)2
1
dy
cos(Ω˜t˜y)
y
√
y2 − 1
, (A4)
where y =
√
1 +
(
4k˜/Ω˜
)2
. To denote our calculation in a
convenient way, we further define
F (t˜, x) =
∫ ∞
x
dy
cos(t˜y)
y
√
y2 − 1dy (A5)
with Ω˜t˜→ t˜, so
A = Ω˜
8k˜F
[
F (t˜, 1)− F (t˜, a)] , (A6)
where a =
√
1 +
(
4k˜F /Ω˜
)2
. For F (t˜, a)with a > 1, we can
expand the square-root term and obtain
F (t˜, a) =
∫ ∞
a
dy
cos(t˜y)
y2
[
1 +
1
2
1
y2
+
3
8
1
y4
+ · · ·
]
≡ F2(t˜) + 1
2
F4(t˜) +
3
8
F6(t˜) + · · · , (A7)
where F2n(t˜) ≡
∫∞
x
cos(t˜y)
y2n dy. Let z = t˜y, so
F2n(t˜) = t˜
2n−1
∫ ∞
at˜
cosz
z2n
dz
=
t˜2n−1
2
[∫ ∞
at˜
(eiz−ηz + e−iz−ηz)z−2n
]
dz,
where η → 0+ makes the integral convergent.
Since
∫∞
at˜ z
−2ne−(η∓i)zdz = (±i)1−2n(∓iat˜)−2ne±iat˜
for t˜→∞,
F2n(t˜) = − 1
a2n
sin(at˜)
t˜
+O
(
t˜−2
)
. (A8)
9Correspondingly,
F (t˜, a) = − sin(at˜)
t˜
1√
a2 − 1 +O
(
t˜−2
)
. (A9)
For F (t˜, 1) and when t˜ → ∞, the “high-frequency” wave
according to large y can be approximately neglected, and the
part of small y, i.e., y → 1, dominates the integral. So we can
treat approximately
F (t˜, 1) ≈ 1√
2
∫ ∞
1
dy
cos(t˜y)√
y − 1 . (A10)
As t˜→∞, Eq.(A10) has the solution
F (t˜, 1) =
√
pi
t˜
cos
(
t˜+
pi
4
)
+O
(
t˜−3/2
)
(A11)
ThroughEqs. (A2), (A6), (A9), and Eq.(A11) , one can obtain,
at t→∞,
P (t) = 1− α
8
tan−1
(
4
α
)
+
√
2piα
16
cos(Ωt+ pi/4)√
Ωt
+
α2
32
sin(ΩkF t)
Ωt
+O(t−3/2) (A12)
where α ≡ Ω/√EFEr is a dimensionless parameter to con-
trol the decaying amplitude and EF ≡ EkF is the effective
Fermi energy.
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